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Self-interacting charged massive spin two particles in Minkowski spacetime
Yuichi Ohara
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A model of the self-interacting charged massive spin-two field is constructed. We investigate
several properties of the model and find that the trivial vacuum is only allowed due to the internal
symmetry. This suggests that the Higgs mechanism might not be induced by the model of the
massive spin-two field with the ghost-free potential.
PACS numbers: 95.36.+x, 12.10.-g, 11.10.Ef
I. INTRODUCTION
Theories of massive gravity have made a rapid progress over the past decade inspired by the discovery of the late
time acceleration. Although the free field theory proposed by Fierz and Pauli was formulated about 75 years ago
[1], the gravitational theory describing interaction between massive spin-two particles had not been established until
recently because of a ghost problem. Naively, the interaction terms for massive spin-two particles seem arbitrary
due to the presence of the mass term in analogy with the theory of the Proca field. Unfortunately, the story does
not hold in the case of massive spin-two particles and Boulware and Deser showed that interaction terms generally
induce a ghost [2]. This fact is called the Boulware-Deser ghost problem and had prevented construction of a theory
of massive gravity. The breakthrough came from series of papers about the late time acceleration. In the early
2000s, the Dvali-Gabadadze-Porrati brane world model (DGP model) [3] and massive gravity attracted much interest
for the explanation of the tiny value of the cosmological constant. A field theoretical analysis of the DGP model
and massive gravity [4–6] gave an important clue to the resolution of the ghost problem and de Rham, Gabadadze
and Tolley formulated the first ghost-free massive gravity called the dRGT massive gravity [7–11]. The extended
theory containing two dynamical metrics was also formulated and Hassan and Rosen showed that the theory is really
ghost-free [9, 12].
After the formulation of the first ghost-free nonlinear massive gravity, there are several works on constructing new
terms toward the generalization of the dRGT theory. Hinterbichler attempted to give a new kind of interaction terms
for the theory and discovered new derivative interactions for the Fierz-Pauli theory [13] and conjectured the existence
of the nonlinear counterpart. Unfortunately, these derivative interaction terms turned out to have no nonlinear
counterpart [14] but, it was shown in the Hamiltonian analysis that the leading term of the potential in the dRGT
theory keeps the degrees of freedom of the massive spin-two field. We focused on this fact and constructed the new
massive spin-two model consisting of the linearized Einstein-Hilbert term and the finite potential terms [15]. The
leading terms of the potential in the dRGT theory ensure that the theory is also ghost-free around nontrivial vacua
and we investigated the property of the theory around each vacua [16]. The motivation for this model is to ask if the
massive spin-two field theory has to be regarded as a modification of gravity. In many cases, we start the construction
of a massive spin-two model under the assumption that the kinetic term should be the Einstein Hilbert term but there
is no reason why we believe this assumption. To clarify the difference between the dRGT massive gravity and the new
model we proposed, we also considered our model in a curved spacetime by assuming that the spin-two field is not a
perturbation of a background metric and found that the new theory is consistent only if the background spacetime
has the maximal symmetry [17] as in the case of the Fierz-Pauli theory in a curved spacetime [18, 19]. Furthermore,
we derived the general interactions allowed in the Einstein manifold.
There are some previous works which do not regard the theory of massive spin-two particles as the theory of
gravity. While some discussed the consistency of the massive spin-two field as an alternative gravity theory from the
late 1950s to the mid 1970s, Federbush worked on construction of a field theoretical model describing the dynamics
of the charged massive spin-two particles. Federbush constructed the U(1) invariant Fierz Pauli action and replaced
partial derivatives with covariant derivatives to introduce the U(1) gauge field into the theory [20]. His study revealed
that the noncommutativity of the covariant derivatives gives an ambiguity to the definition of the kinetic term but
the requirement of the correct number of the degree of freedom uniquely determines the theory. On the other hand, it
is well known that the theory exhibits acausality for arbitrary values of the background electromagnetic field [21–23].
Since the dRGT massive gravity is considered as the general action containing all interaction terms between neutral
spin-two particles, it is expected that the more general charged spin-two action can be obtained by modification of the
dRGT massive gravity action. de Rham, Matas, Ondo and Tolley considered this kind of extension in [24], but they
showed algebraically that the Einstein-Hilbert action is not compatible with U(1) symmetry and the Einstein-Hilbert
2term should be modified. Unfortunately, according to [14], the modification necessarily leads to the undesirable ghost
mode. Therefore, we cannot write down the U(1) invariant massive gravity action. On the other hand, our model
proposed in the previous works consists of the linearized kinetic term and interaction terms only. This suggests that
we could potentially construct the U(1) invariant massive spin-two action by extending the model in [15].
In this paper, we build the self-interacting charged model using the quartic interaction proposed by Hinterbichler
and have shown that the theory is really ghost-free. Furthermore, we study the behavior of the massive spin-two
field around the vacua which stem from the potential term and we reveal the parameter region of the theory where
the particle description could hold. As a result, we find the U(1) charge puts on the additional constraint on the
parameter space and, as a result, the trivial vacuum is uniquely chosen by this internal symmetry.
II. NEW MODEL OF MASSIVE SPIN-TWO PARTICLE
In [15], we construct the new theory of the massive spin-two particle with interaction. The Lagrangian of the free
massive spin-two particle consists of the linearized Einstein-Hilbert action and the Fierz-Pauli mass term [1],
LFP = −1
2
∂λhµν∂
λhµν + ∂µhνλ∂
νhµλ − ∂µhµν∂νh+ 1
2
∂λh∂
λh− 1
2
m2(hµνh
µν − h2). (1)
The relative sign in the mass term is quite essential for the theory to be consistent as a quantum theory because a
ghost appears as a free particle without the tuning. Hinterbichler [13], pointed out that we may add new interaction
terms to this model without generating any ghost. In four dimensions, there are two kinds of ghost-free interaction
terms.
L3 ∼ηµ1ν1µ2ν2µ3ν3hµ1ν1hµ2ν2hµ3ν3 , (2)
L4 ∼ηµ1ν1µ2ν2µ3ν3µ4ν4hµ1ν1hµ2ν2hµ3ν3hµ4ν4 . (3)
Here ηµ1ν1···µnνn is the product of n ηµν given by antisymmetrizing the indices ν1, ν2, · · · , and νn Some examples are
given by,
ηµ1ν1µ2ν2 ≡ηµ1ν1ηµ2ν2 − ηµ1ν2ηµ2ν1 ,
ηµ1ν1µ2ν2µ3ν3 ≡ηµ1ν1ηµ2ν2ηµ3ν3 − ηµ1ν1ηµ2ν3ηµ3ν2 + ηµ1ν2ηµ2ν3ηµ3ν1
− ηµ1ν2ηµ2ν1ηµ3ν3 + ηµ1ν3ηµ2ν1ηµ3ν2 − ηµ1ν3ηµ2ν2ηµ3ν1 . (4)
Using this notation, the Fierz-Pauli Lagrangian (1) is expressed as
L = 1
2
ηµ1ν1µ2ν2µ3ν3∂µ1hµ2ν2∂ν1hµ3ν3 +
m2
2
ηµ1ν1µ2ν2hµ1ν1hµ2ν2 (5)
In [15], it was proposed a new model of massive spin-two particles by adding the terms in (2) and (3) to the Fierz-Pauli
Lagrangian.
L =1
2
ηµ1ν1µ2ν2µ3ν3∂µ1hµ2ν2∂ν1hµ3ν3 +
m2
2
ηµ1ν1µ2ν2hµ1ν1hµ2ν2
+
µ
3!
ηµ1ν1µ2ν2µ3ν3hµ1ν1hµ2ν2hµ3ν3 +
λ
4!
ηµ1ν1µ2ν2µ3ν3µ4ν4hµ1ν1hµ2ν2hµ3ν3hµ4ν4
(6)
Here m, µ and λ are parameters and the signs in front of µ and λ are chosen to be opposite to them in [15].
Thanks to the ghost free property of the interactions, this theory does not contain any ghost and the particle
description also holds in nontrivial vacua in some region of the parameter space spanned by m2, λ, and µ [15].
We should note that the model with cubic interactions, including the derivatives interactions, was first proposed in
[25] before [13].
III. GLOBAL U(1) THEORY
We can extend the model of massive spin-two theory by replacing the real field with the complex field. For the
theory to be consistent with the global U(1) symmetry, the cubic interaction is prohibited and the Lagrangian is given
3by
L = ηµ1ν1µ2ν2µ3ν3∂µ1h†µ2ν2∂ν1hµ3ν3 +m2ηµ1ν1µ2ν2h†µ1ν1hµ2ν2 +
λ
3!
ηµ1ν1µ2ν2µ3ν3µ4ν4h†µ1ν1hµ2ν2h
†
µ3ν3hµ4ν4 . (7)
The choice of m2 > 0 guarantees stability around a trivial vacuum and absence of tachyonic state. Moreover, the
theory does not have any nontrivial vacuum when m2 and λ are positive. Hence, λ > 0 may suggest that the
Hamiltonian is bounded from below in the analogy of the ordinary scalar field theory.
The complex field hµν can be expressed as two real fields aµν , bµν
hµν =
1√
2
(aµν + ibµν) . (8)
Then, the action (7) describes an interacting real massive spin-two field theory.
L = 1
2
ηµ1ν1µ2ν2µ3ν3∂µ1aµ2ν2∂ν1aµ3ν3 +
m2
2
ηµ1ν1µ2ν2aµ1ν1aµ2ν2 +
λ
4!
ηµ1ν1µ2ν2µ3ν3µ4ν4aµ1ν1aµ2ν2aµ3ν3aµ4ν4
+
1
2
ηµ1ν1µ2ν2µ3ν3∂µ1bµ2ν2∂ν1bµ3ν3 +
m2
2
ηµ1ν1µ2ν2bµ1ν1bµ2ν2 +
λ
4!
ηµ1ν1µ2ν2µ3ν3µ4ν4bµ1ν1bµ2ν2bµ3ν3bµ4ν4
+
λ
2 · 3!η
µ1ν1µ2ν2µ3ν3µ4ν4aµ1ν1aµ2ν2bµ3ν3bµ4ν4 . (9)
The appearance of the interaction term between the a and b fields is the only nontrivial point, but it is easy to see that
this theory is also ghost-free. The antisymmetric property of the η symbol ensures that a00 and b00 appears linearly.
In addition to this, there is no term containing a0ia00 , a0ib00, b0ia00 and b0ib00, which means that the equation
of motion for the 0i component never gives a quadratic term in the 00 component of the fields in the Lagrangian.
Therefore, this system has the two constraints which are obtained by the variation of a00 and b00,
− λ
3!
ηi1j1i2j2i3j3ai1j1bi2j2bi3j3 −
λ
3!
ηi1j1i2j2i3j3ai1j1ai2j2ai3j3 −m2ηijaij + ηi1j1i2j2∂i1∂j1ai2j2 = 0, (10)
− λ
3!
ηi1j1i2j2i3j3bi1j1ai2j2ai3j3 −
λ
3!
ηi1j1i2j2i3j3bi1j1bi2j2bi3j3 −m2ηijbij + ηi1j1i2j2∂i1∂j1bi2j2 = 0. (11)
Here the Latin indices run from one to three. Clearly, each equation specifies an independent hypersurface in the
phase space and the U(1) theory is really ghost-free.
IV. DECOUPLING LIMIT AND STABILITY AGAINST QUANTUM CORRECTION
In this section, we study the behavior of the theory around the perturbative cutoff scale and the quantum stability.
First, we introduce the Stuckelberg field.
hµν → hµν + ∂µAν + ∂νAµ + 2∂µ∂νφ. (12)
After the diagonalizing the quadratic mixing terms between hµν and φ and canonically normalizing φ, we find the
most dangerous interactions for the perturbative unitarity,
∼ λ
m6
ηµ1ν1µ2ν2µ3ν3µ4ν4h†µ1ν1Πµ2ν2Π
†
µ3ν3Πµ4ν4 ,
∼ λ
m6
ηµ1ν1µ2ν2µ3ν3µ4ν4hµ1ν1Π
†
µ2ν2Πµ3ν3Π
†
µ4ν4 ,
∼ λ
m6
ηµ1ν1µ2ν2µ3ν3∂µ1φ
†∂ν1φΠ
†
µ2ν2Πµ3ν3 .
Here we define Πµν as ∂µ∂νφ. The tree level amplitude for φ
†φ→ φ†φ or h†φ→ h†φ scattering at energy E goes as
M ∼ λE6m6 . Thus, the theory becomes strongly coupled at the energy E ∼ m/λ
1
6 . We focus on the strongly coupled
scale Λ := m/λ
1
6 by taking the decoupling limit m→ 0, λ→ 0, while Λ = m/λ 16 is fixed.
4L =ηµ1ν1µ2ν2µ3ν3∂µ1h†µ2ν2∂ν1hµ3ν3 + 2ηµ1ν1µ2ν2h†µ1ν1Πµ2ν2 + 2ηµ1ν1µ2ν2hµ1ν1Π†µ2ν2
+
16
3!
1
Λ6
ηµ1ν1µ2ν2µ3ν3µ4ν4h†µ1ν1Πµ2ν2Π
†
µ3ν3Πµ4ν4 +
16
3!
1
Λ6
ηµ1ν1µ2ν2µ3ν3µ4ν4hµ1ν1Π
†
µ2ν2Πµ3ν3Π
†
µ4ν4 (13)
We diagonalize the quadratic term to obtain the kinetic term for the scalar field by redefining the field hµν →
hµν + φηµν .
L =ηµ1ν1µ2ν2µ3ν3∂µ1h†µ2ν2∂ν1hµ3ν3 +
16
3!
1
Λ6
ηµ1ν1µ2ν2µ3ν3µ4ν4h†µ1ν1Πµ2ν2Π
†
µ3ν3Πµ4ν4
+
16
3!
1
Λ6
ηµ1ν1µ2ν2µ3ν3µ4ν4hµ1ν1Π
†
µ2ν2Πµ3ν3Π
†
µ4ν4 − 6∂µφ†∂µφ−
32
3!
1
Λ6
ηµ1ν1µ2ν2µ3ν3∂µ1φ
†∂ν1φΠ
†
µ2ν2Πµ3ν3 , (14)
The last term in (14) corresponds to the quartic charged Galileon term and the special structure of the interaction
guarantees that quantum correction to the operators is absent [26]. We can roughly estimate this correction as in
[6, 28]. Due to the nonrenormalization theorem, the induced operators which respect the Galilean symmetry has the
following form,
∂q(∂2φ)p
Λ3p+q−4
. (15)
Therefore, the relevant operator for the mass correction can be expected to take the form of 1Λ2 (∂∂φ)
2. Then,
considering the relation between h and φ, we find the correction is given by δm2 ∼
(
m2
Λ2
)
m2 = λ1/3m2 and the value
of the mass is technically natural. On the other hand, the quantum effect might induce a ghost having a mass lower
than the cutoff scale. When the general mass term of the massive spin-two field is given by the form of
− 1
2
m2(hµνhµν − (1− a)h2), (16)
the the scale of the ghost mass mg is roughly estimated as m
2
g ∼ m
2
a . Therefore, if the quantum correction breaks
the Fierz-Pauli tuning, the ghost mass is comparable to the cutoff scale and this model is consistent as the effective
field theory. Fortunately, the Fierz-Pauli tuning does not break down at one loop level [27] in this model and the
ghost mass is larger than Λ. The correction for the quartic potential term, however, seems to break the Galileon-type
tuning and the scale is given as δλ ∼ λ2 ( Λm)4 = λ1/3 · λ.
V. THE BEHAVIOR OF THE THEORY AROUND VACUA
Next, we carry out the stability analysis of vacua of this theory as in [16]. In the previous work, we found that the
neutral massive spin-two field theory can have multiple stable vacua depending on the parameter contained in the
theory. In this section, we are going to do the same analysis and clarify the difference between the charged theory and
the neutral one. We mentioned in Sec. III the relation between the stability of the trivial vacuum and the parameters
m2 and λ: the both parameters have to take positive values for the model to be stable although it is unclear that the
positiveness of λ really make the Hamiltonian bounded from below [see discussion in [16]]. Therefore, in this section,
we concentrate on degenerate nontrivial vacua. For this purpose, consider the case of the mass parameter m2 takes
negative value, that is, m2 → −|m2|. Then, the field acquires vacuum expectation value (VEV) and the system has
nontrivial vacua where the particle description could hold. (Note that these nontrivial vacua do not correspond to
the global lowest energy of the system, because of the property of this model [16].) The nontrivial vacua are given by
the following vacuum expectation value of hµν ,
hVEVµν =
Ceiθ√
2
ηµν =
1√
2
√
3|m2|
λ
eiθηµν . (17)
We obtain the Lagrangian in the broken phase by considering the fluctuation around the VEV.
hµν = h
VEV
µν +Hµν (18)
5Then, the mass term takes the following form.
Lmass =− |m2|ηµ1ν1µ2ν2h†µ1ν1hµ2ν2
=− 6|m2|C2 − 3√
2
C|m2|H − 3√
2
C|m2|H† − |m2|ηµ1ν1µ2ν2H†µ1ν1Hµ2ν2
Here H and H† denote ηµνHµν and η
µνH†µν respectively. The interaction term in the broken phase is also rewritten
in terms of Hµν .
Lint =3|m2|C2 + 3√
2
C|m2|H + 3√
2
C|m2|H† + 2|m2|ηµ1ν1µ2ν2H†µ1ν1Hµ2ν2
+
|m2|
2
ηµ1ν1µ2ν2Hµ1ν1Hµ2ν2 +
|m2|
2
ηµ1ν1µ2ν2H†µ1ν1H
†
µ2ν2 +
√
λ|m2|
6
ηµ1ν1µ2ν2µ3ν3Hµ1ν1H
†
µ2ν2Hµ3ν3
+
√
λ|m2|
6
ηµ1ν1µ2ν2µ3ν3H†µ1ν1Hµ2ν2H
†
µ3ν3 +
λ
3!
ηµ1ν1µ2ν2µ3ν3µ4ν4H†µ1ν1Hµ2ν2H
†
µ3ν3Hµ4ν4 (19)
Therefore, the total Lagrangian is given by
LBP =ηµ1ν1µ2ν2µ3ν3∂µ1H†µ2ν2∂ν1Hµ3ν3 + |m2|ηµ1ν1µ2ν2H†µ1ν1Hµ2ν2
+
|m2|
2
ηµ1ν1µ2ν2Hµ1ν1Hµ2ν2 +
|m2|
2
ηµ1ν1µ2ν2H†µ1ν1H
†
µ2ν2 +
√
λ|m2|
6
ηµ1ν1µ2ν2µ3ν3Hµ1ν1H
†
µ2ν2Hµ3ν3
+
√
λ|m2|
6
ηµ1ν1µ2ν2µ3ν3H†µ1ν1Hµ2ν2H
†
µ3ν3 +
λ
3!
ηµ1ν1µ2ν2µ3ν3µ4ν4H†µ1ν1Hµ2ν2H
†
µ3ν3Hµ4ν4 (20)
The Lagrangian in the broken phase does not contain the Boulware Deser type ghost thanks to the antisymmetric
tensor and is not U(1) invariant.
Apparently, this looks that the system could contain one Nambu-Goldstone boson corresponding to the broken
generator of U(1) group. To verify this fact, let us focus on the quadratic part of this Lagrangian,
L(2)BP = ηµ1ν1µ2ν2µ3ν3∂µ1H†µ2ν2∂ν1Hµ3ν3
+ |m2|ηµ1ν1µ2ν2H†µ1ν1Hµ2ν2 +
|m2|
2
ηµ1ν1µ2ν2Hµ1ν1Hµ2ν2 +
|m2|
2
ηµ1ν1µ2ν2H†µ1ν1H
†
µ2ν2 . (21)
The field Hµν can be parametrized by two real fields Aµν and Bµν .
Hµν =
1√
2
(Aµν + iBµν) (22)
Then, we obtain
L(2)BP =ηµ1ν1µ2ν2µ3ν3∂µ1H†µ2ν2∂ν1Hµ3ν3
+ |m2|ηµ1ν1µ2ν2H†µ1ν1Hµ2ν2 +
|m2|
2
ηµ1ν1µ2ν2Hµ1ν1Hµ2ν2 +
|m2|
2
ηµ1ν1µ2ν2H†µ1ν1H
†
µ2ν2
=
1
2
ηµ1ν1µ2ν2µ3ν3∂µ1Aµ2ν2∂ν1Aµ3ν3 +
1
2
m2Aη
µ1ν1µ2ν2Aµ1ν1Aµ2ν2 +
1
2
ηµ1ν1µ2ν2µ3ν3∂µ1Bµ2ν2∂ν1Bµ3ν3 (23)
where m2A = 2|m2|.
According to Goldstone’s theorem, the massless mode corresponds to the oscillation along the flat direction of the
potential, which is given by the infinitesimal difference between two vacua:
δhVEVµν =
iθ√
2
Cηµν . (24)
Therefore, the massless particle should be a scalar. On the other hand, the quadratic Lagrangian (23) shows that
the system has one massive spin-two mode and one massless spin-two mode only. From this fact, we find that the
Nambu-Goldstone mode is absent because the massless field Bµν is traceless and does not contain a scalar mode as far
as we assume that perturbative description holds. Furthermore, this Lagrangian has the nonderivative interactions
6for not only Aµν but also Bµν when we express (20) in terms of these two fields, which means that the degrees of
freedom of the quadratic terms (23) do not coincide with the degrees of freedom of the full theory.
Linteractions =
√
λ
24
mAη
µ1ν1µ2ν2µ3ν3Aµ1ν1Aµ2ν2Aµ3ν3 +
√
λ
24
mAη
µ1ν1µ2ν2µ3ν3Aµ1ν1Bµ2ν2Bµ3ν3
+
λ
4!
ηµ1ν1µ2ν2µ3ν3µ4ν4Bµ1ν1Bµ2ν2Bµ3ν3Bµ4ν4 +
λ
4!
ηµ1ν1µ2ν2µ3ν3µ4ν4Aµ1ν1Aµ2ν2Aµ3ν3Aµ4ν4
+
λ
3! · 2η
µ1ν1µ2ν2µ3ν3µ4ν4Aµ1ν1Aµ2ν2Bµ3ν3Bµ4ν4
This fact strongly suggests that this model should be strongly coupled in the nontrivial vacua as in the discussion
of [13] and the perturbative picture assumed in the above analysis should break down. This is the reason why the
system seems not to have the Nambu-Goldstone mode: In the broken phase, the Nambu-Goldstone mode would exist,
but the model does not have enough power to describe the dynamics of the massless scalar particle as an effective
field theory. The explanation is perfectly consistent with the above observation that the Nambu-Goldstone mode is
absent as far as the perturbative description is assumed.
As a result, the charged U(1) theory cannot be defined around the nontrivial vacua but is defined only around the
trivial vacuum, whose situation is different from the case of the neutral massive spin-two model (6).
VI. SUMMARY
We have extended the new model of the massive spin-two field proposed in [15] by imposing the global U(1) symmetry
and investigated several basic properties of the model. The difference from the neutral massive spin-two model is the
existence of the interaction term between two kinds of fields, but this does not break the ghost-free property of the
theory. The interaction may induce the quantum correction to the operators in the tree level Lagrangian and this
could be also the cause for the ghost. Fortunately, the structure of the Lagrangian in the decoupling limit strongly
suggests the energy scale where the detune in the potential term happens can be made very high as far as the coupling
constant λ is very small. Based on this discussion, we also study the property of vacua in this theory. While the new
model of the neutral massive spin-two theory has nontrivial vacua if m2 < 0 where the particle description holds,
the charged theory can be only defined around the trivial vacuum because the degrees of freedom in the asymptotic
region does not coincide with the degrees of freedom of the full theory in the nontrivial vacua for any value of m2 and
λ.
In this paper, we have exclusively considered the global U(1) theory, but it is interesting to extend the discussion
to the U(1) gauge theory where the massive spin-two particle is coupled with the photon. The local U(1) symmetry
is obtained by the replacement of the partial derivatives with covariant derivatives. The fact that the the charged
massive spin-two theory only makes sense in the trivial vacuum suggests that the U(1) gauge theory is also well
behaved only in the trivial vacuum. Therefore, the Higgs mechanism might not be induced by the massive spin-two
field in the model we proposed. Moreover, according to the preceding work by Porrati and Rahman[29], the cutoff
scale of the perturbative unitarity is universal for the local U(1) massive spin-two theory. This analysis, however, was
done for the model which does not contain the self-interacting term for the spin-two particle. Hence, it is valuable to
discuss the effect of the self-interaction to the cutoff scale and we will study these subjects in the future.
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